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We study the effect of multiple scatterings on the propagation of hard partons and the production
of jet-bremsstrahlung photons inside a dense medium in the framework of deep-inelastic scattering
off a large nucleus. We include the momentum exchanges in both longitudinal and transverse
directions between the hard partons and the constituents of the medium. Keeping up to the second
order in a momentum gradient expansion, we derive the spectrum for the photon emission from
a hard quark jet when traversing dense nuclear matter. Our calculation demonstrates that the
photon bremsstrahlung process is influenced not only by the transverse momentum diffusion of the
propagating hard parton, but also by the longitudinal drag and diffusion of the parton momentum.
A notable outcome is that the longitudinal drag tends to reduce the amount of stimulated emission
from the hard parton.
I. INTRODUCTION
The modification of hard partonic jets in dense me-
dia provides a useful tool for studying the properties of
the highly excited nuclear matter produced in relativis-
tic heavy-ion collisions. One of the primary experimental
signatures for jet modification is the significant depletion
of the high transverse momentum (pT ) hadron yield in
heavy-ion collisions compared to that in binary-scaled
proton-proton collisions [1–3]. Such depletion has been
attributed to the loss of the forward momentum and en-
ergy by the hard partons in the dense nuclear medium
they traversed before fragmenting into hadrons [4, 5].
By all accounts, one expects the energy loss to origi-
nate from a combination of elastic collisions [6–10] and in-
elastic radiative processes [4, 5, 11–13], that hard jets ex-
perience when propagating through the dense media. For
light partons, medium-induced gluon radiation is thought
to be the more dominant mechanism for parton energy
loss. For heavy flavor partons with large finite masses,
collisional energy loss appears to be equally or even more
important than medium-induced gluon radiation, espe-
cially in the low and intermediate pT regime [14–18].
There are currently a few different schemes for the
study of medium-induced gluon bremsstrahlung (the
radiative part of parton energy loss) in a dense nu-
clear medium: the Baier-Dokshitzer-Mueller-Peigne-
Schiff-Zakharov (BDMPS-Z) approach [11–13], the Gyu-
lassy, Levai and Vitev (GLV) approach [19–21], the
Amesto-Salgado-Wiedemann (ASW) approach [22, 23],
the Arnold-Moore-Yaffe (AMY) approach [24, 25] and
the higher twist (HT) approach [26–28]. Detailed com-
parisons of the different formalisms may be found in Ref.
[29]. Sophisticated phenomenological analyses have been
performed for various jet quenching observables, such as
single inclusive hadron suppression [30–32], as well as di-
hadron and photon-hadron correlations [33–36]. One of
the main goals of these studies is to quantitatively extract
the jet transport coefficients, such as qˆ and eˆ, in dense
media by comparing with the data on jet modification.
This requires that the originating formalisms contain a
representative description of all physical processes that
influence the partonic substructure of the jet.
While different parton energy loss models mentioned
above have rather different origins and make slightly dif-
ferent approximations, the calculations of radiative en-
ergy loss have so far only focused on the gluon radiation
induced by transverse momentum diffusion, experienced
by the propagating hard partons in the dense medium. In
fact, when a jet scatters off the medium constituents, it is
not only the transverse momentum, but also the longitu-
dinal momentum that are exchanged between the jet and
the medium [37–39]. In many calculations, the transfer of
longitudinal momentum has only been considered in the
evaluation of purely collisional energy loss. There have
been studies on the longitudinal momentum loss experi-
enced by radiated partons in the context of jet shower
evolution [40–43]. However, the influence of exchanging
longitudinal momentum on the stimulated radiation ver-
tex has not yet been throughly considered. In this work,
we re-investigate the medium-induced radiation from a
light parton, by taking into account the influence from
both transverse and longitudinal momentum transfers,
when the parton undergoes multiple scattering with the
medium, in the radiation process.
As a step up to the more complicated calculation of
gluon radiation, we study the problem of real photon
radiation from a parton which propagates through a
dense extended medium and experiences multiple scat-
terings off the glue field of the medium. While the emit-
ted photon escapes the medium without further strong-
interaction with medium, very unlike the case of a radi-
ated gluon, such a problem does encode many interest-
ing features of the medium-induced gluon radiation, such
as the Landau-Pomeranchuck-Migidal (LPM) effect, as
well as the momentum approximation schemes involved
in the problem, which are the same as the problem with
gluon radiation. Therefore, the photon calculation serves
as an intermediate step for the further investigation of
medium-induced gluon emission from a hard jet. In this
2regard, we will explore the effect of a larger than usual
longitudinal exchange with the medium: In most treat-
ments, the longitudinal momentum exchanged with the
medium is considerably smaller than the transverse mo-
mentum exchanged (Glauber-Coulomb scattering), how-
ever, in this paper, we will allow one component of the
longitudinal momentum to be of the order of the trans-
verse momentum exchanged.
In addition, photon bremsstrahlung from a high pT
jet is itself of great interest. Such process has shown
to be an important source for the photon production in
relativistic heavy-ion collisions, especially in the inter-
mediate pT regime [35, 44]. As the production of such
photons involves the interaction between hard jets and
the dense medium, it also opens an electromagnetic win-
dow to probe the jet transport properties in dense media.
It is also of great relevance to the study of photon-jet cor-
relations [35, 45, 46], which are expected to provide more
stringent characterizations of the quenching experienced
by the jet in the dense medium, than single hadron or
dihadron observables.
The paper is organized as follows. In Sec. II the calcu-
lation of photon bremsstrahlung at leading-twist is pre-
sented in some details. In Sec. III, photon radiation from
a hard parton which experiences a number of scatterings
in the dense medium is analyzed. In Sec. IV, the sum
of photon production points is carried out. In Sec. V,
Taylor expansion for the hard part is invoked and the
number of multiple scattering is resummed to obtain the
final expression for the photon bremsstrahlung spectrum
from a hard jet in dense medium. Sec. VI contains our
conclusion and discussions.
II. PHOTON BREMSSTRAHLUNG AT
LEADING-TWIST
In this section, we provide some details for the cal-
culation of photon bremsstrahlung from a hard parton
produced in the deep-inelastic scattering (DIS) off a large
nucleus at leading twist. Consider the semi-inclusive pro-
cess of the DIS off a nucleus in which one hard quark with
a momentum lq and a bremsstrahlung photon with mo-
mentum l are produced,
e(L1) +A(PA)→ e(L2) + q(lq) + γ(l) +X. (1)
Here L1 and L2 denote the momenta of the incoming
and outgoing leptons. The incoming nucleus with atomic
number A has a momentum PA = Ap, and each nucleus
inside nucleus A carries a momentum p.
Throughout this work, we utilize the light-cone compo-
nent notation for four vectors (p = [p+, p−,p⊥]), where
p+ = (E + pz)/
√
2, p− = (E − pz)/
√
2. (2)
In the Briet frame of the DIS, the incoming virtual pho-
ton γ∗ has a momentum q and the nucleus has a momen-
tum PA:
q = L2 − L1 = [−xBp+, q−,0⊥],
PA = A[p
+, 0,0], (3)
where xB is the Bjorken variable, xB = Q
2/(2p+q−),
with Q2 the invariant mass of the virtual photon. The
radiated photon has a momentum l and carries a fraction
y of the quark forward momentum q−, i.e., y = l−/q−.
The double differential cross section of such semi-
inclusive DIS process may be expressed as
EL2dσ
d3L2d3lqd3l
=
αe
2πs
1
Q4
Lµν
dWµν
d3lqd3l
, (4)
where s = (p + L1)
2 is the total invariant mass of the
lepton-nucleon collision system, and αe is the electro-
magnetic coupling. The leptonic tensor is give by
Lµν =
1
2
Tr[γ · L1γµγ · L2γν ]. (5)
The semi-inclusive hadronic tensor is defined as
Wµν =
∑
X
(2π)4δ4(q + PA − PX)
× 〈A|Jµ(0)|X〉〈X |Jν(0)|A〉. (6)
Here |A〉 represent the initial state of an incoming nu-
cleus A, averaged over spins. |X〉 represents the general
final hadronic or partonic states, with
∑
X running over
all possible final states except the stuck hard jet and
the emitted real photon. Jµ = Qqψqγ
µψ is the hadron
electromagnetic current, with Qq the charge of a quark
of flavor q in units of the positron charge e. Since we
are interested in the final state interaction between the
medium and the stuck quark, our focus will be on the
hadronic tensor. In the following, the leptonic tensor
will not be discussed further.
AP AP
p′0
0 y0
p0
q q
lq
l
FIG. 1: Leading twist contribution to the semi-inclusive DIS
hadronic tensor W µν .
Fig. 1 shows the leading-twist contribution to the pho-
ton bremsstrahlung in the semi-inclusive DIS. It repre-
sents the process where a hard quark, produced from
one nucleon of the nucleus, radiates a hard photon and
3then exits the nucleus without further interaction. In this
study, we choose the light cone gauge, and other types of
diagrams are suppressed. The leading-twist contribution
to the hadronic tensor may be expressed as:
WAµν0 =
∑
q
Q4qe
2
∫
d4l
(2π)4
(2π)δ(l2)
∫
d4lq
(2π)4
(2π)δ(l2q)
×
∫
d4y0e
iq·y0
∫
d4z
∫
d4z′
∫
d4q1
(2π)4
∫
d4q′1
(2π)4
× e−iq1·(y0−z)e−iq′1·(z′−y′0)e−ilq·(z−z′)e−il·(z−z′)
× 〈A|ψ¯(y0)γµ γ · q1
q21 − iǫ
γα(γ · lq)γβ γ · q
′
1
q
′2
1 − iǫ
γνψ(0)|A〉
× Gαβ(l). (7)
Here the factor Gαβ(l) represents the sum of the radiated
photon’s polarizations. In the light cone gauge (A− = 0),
it is given by
Gαβ(l) = −gαβ + nαlβ + nβlα
n · l , (8)
where we have defined the light cone vector n = [1, 0,0],
thus we have n · l = l−. With such setup, the largest
component of the vector potentials from the initial states
is A+ component.
We may perform the integrations over the photon radi-
ation positions z, z′ which give two δ functions. They can
be utilized to perform the integrations over the momenta
q1, q
′
1 which set q1 = q
′
1 = p0 + q. Then the hadronic
tensor reads,
WAµν0 =
∑
q
Q4qe
2
∫
d4l
(2π)4
(2π)δ(l2)
∫
d4lq
(2π)4
(2π)δ(l2q)
×
∫
d4p0
(2π)4
(2π)4δ4(q + p0 − lq − l)
∫
d4y0e
−ip0·y0
× 〈A|ψ¯(y0)γµ γ · q1
q21 − iǫ
γα(γ · lq)γβ γ · q
′
1
q
′2
1 − iǫ
γνψ(0)|A〉
× Gαβ(l). (9)
Here we have re-introduced the variable p0 from the fol-
lowing identity,∫
d4p0
(2π)4
(2π)4δ4(q + p0 − lq − l) = 1. (10)
The above four-δ-function can then be used to perform
the integration over lq. The on-shell condition for the
photon, δ(l2), can be used to do the integration over l+
which gives l+ = l2⊥/(2l
−). The on-shell δ(l2q) function
for the final quark gives,
(2π)δ(l2q) =
(2π)
2p+q−(1 − y)δ(x0 − xB − xL). (11)
Here we have introduced the new momentum fraction
xL, defined as xL = l
2
⊥/[2p
+q−y(1 − y)]. It is related
to the photon formation time as τform = 1/(xLp
+). In
the very high energy and collinear limit, the expression
can be simplified via p+0 = x0p
+, p−0 → 0 and p0⊥ → 0.
In this limit, one may ignore the ⊥-component of quark
field operators,
〈A|ψ¯(y0) · · ·ψ(0)|A〉 = ACAp 〈p|ψ¯(y0) · · ·ψ(0)|p〉
≈ ACAp 〈p|ψ¯(y0)
γ+
2
ψ(0)|p〉Tr[γ
−
2
· · · ], (12)
where γ+ and γ− are used to project the leading spin
projection,
γ+ = (γ0 + γ3)/
√
2, γ− = (γ0 − γ3)/
√
2. (13)
The factor CAp represents the probability to find a nucleon
state with momentum p inside a nucleus with A nucleons.
The above δ-function can be applied to perform the
integration over p+0 = p
+x0. We further perform the in-
tegrations over y+0 and y0⊥ and obtain a three-δ-function,
which allows us to carry out the integration over p−0 , p0⊥.
Now the hadronic tensor reads,
WAµν0 = AC
A
p
∑
q
Q4q
αe
2π
∫
dy
∫
d2l⊥
πl2⊥
(2π)fq(xB + xL)
8p+(q−)2xL
× Tr[γ
−
2
γµ(γ · q1)γα(γ · lq)γβ(γ · q′1)γν ]Gαβ(l).(14)
Here fq(x) represents the parton distribution function of
a quark with flavor q in a nucleon, with a fraction x of
the forward momentum p+ of the nucleon,
fq(x) =
∫
dy−0
2π
e−ixp
+y−
0 〈p|ψ¯(y−0 )
γ+
2
ψ(0)|p〉. (15)
The trace combined with Gαβ can be carried out by using
the commutation relations of γ matrices: {γ+, γ−} = 2,
{γ±, γ±} = 0, and {γ±, γ⊥} = 0,
Tr[
γ−
2
γµ(γ · q1)γα(γ · lq)γβ(γ · q′1)γν ]Gαβ(l)
= (−gµν⊥ )[8p+(q−)2xL]P (y). (16)
The factor P (y) = [1+(1−y)2]/y is the quark-to-photon
splitting function, which represents the probability that
a quark radiates a photon carrying away a faction of y
of its forward momentum. The projection tensor gµν⊥ is
defined as gµν⊥ = g
µν − gµ−gν+ − gµ+gν−. The hadronic
tensor is now obtained as,
dWAµν0
d2l⊥dy
= ACAp
∑
q
Q4q
αe
2π
P (y)
πl2⊥
(−gµν⊥ )(2π)fq(xB + xL).
(17)
Since the parton is produced immediately after the ini-
tial hard scattering, its momentum is related to photon’s
momentum by l−q = q
−(1 − y) and lq⊥ + l⊥ = 0. There-
fore, the double-differential hadronic tensor for the mo-
mentum distribution of the final quark is given by
dWAµν0
d2l⊥dyd2lq⊥dl
−
q
=
dWAµν0
d2l⊥dy
δ(l−q − q−(1− y))δ2(lq⊥ + l⊥).
(18)
4In the following, we will investigate how the multiple
scatterings from the medium change the momentum dis-
tribution of the final quark and the spectrum of photon
radiation.
III. PHOTON BREMSSTRAHLUNG FROM
MULTIPLE SCATTERINGS
In this section, we derive the single photon radiation
spectrum from a hard jet which undergo multiple scatter-
ings from the dense medium. Higher twist contribution
is obtained from those diagrams which contain the prod-
ucts with more partonic operators in the medium. Usu-
ally, such contributions are suppressed by powers of the
hard scale Q2, but in an extended medium, a sub-class
of these contributions may be enhanced by the longitudi-
nal extent traveled by the stuck quark. Our focus in this
work will be to isolate and resum such length-enhanced
higher twist contribution.
The generic diagram being considered here is shown
in Fig. 2. It describes the process that a hard virtual
photon strikes a quark in the nucleus with momentum
p′0 (p0 in complex conjugate) at location y
′
0 = 0 (y0 in
complex conjugate). The stuck quark is sent back to
the nucleus, carrying momentum q′1 (q1 in the complex
conjugate). During its propagation through the nucleus,
the hard quark scatters off the gluon field at locations
y′j with 0 < j < m (yi in the complex conjugate with
0 < i < n). Through each scattering, the hard quark
picks up momentum p′j (pi in the complex conjugate).
The photon is radiated between locations q and q + 1 in
the amplitude (p and p+ 1 in the complex conjugate).
In this section, and through most of the next, we will
retain terms at all orders and with no approximation as
to the momentum structure of the exchanged momenta.
At the end of Sect. IV and in Sect. V, we will approximate
and attempt to extract a closed form expression. Here we
will invoke the power counting of the exchanged gluons
in Fig 2, which lie in the Glauber limit [47]. In so doing
we will use Q to refer to the hardest scale in the problem
and λ to refer to a small dimensionless parameter, which
in product with Q will refer to a softer scale. In the case
of a near on-shell projectile parton (with a large near
on-shell momentum q− ∼ Q and q+ ∼ λ2Q) scattering
off another near on-shell target parton traveling in the
opposite direction (with p+ ∼ Q and p− ∼ λ2Q), the
exchanged gluons have the standard Glauber scaling of
momenta,
k+ ∼ λ2Q; k− ∼ λ2Q; k⊥ = λQ. (19)
If one were to drop the requirement that the target be
an on shell parton, then a larger (−)-component of the
exchanged gluon can be absorbed, leaving the projectile
parton near on shell. This will be the scaling used in this
paper, sometimes referred to as a longitudinal -Glauber.
The scaling for such gluons is given as,
k+ ∼ λ2Q; k− ∼ λQ; k⊥ = λQ. (20)
It is this second scaling that is assumed in this paper.
The goal is to test if a relaxation of the energy deposi-
tion rate in the medium can noticeably change the pho-
ton (and by extension the gluon) radiation spectrum. In
what follows, the scaling of all exchanged momenta and
gauge fields will be driven by the assumptions of Eq. (20)
for the exchanged gluon.
Following the notation of the previous section where
the photon momentum is denoted as l and the final
quark’s momentum lq, the momenta of the quark lines
after each scattering at location y′j are denoted as: q
′
j+1
before photon emission and q¯′j+1 after the photon emis-
sion (yi, qi+1, and q¯i+1 in the complex conjugate). For
the quark lines immediately around the photon radia-
tion, they are denoted as p′q+1 and p¯
′
q+1 (pp+1 and p¯p+1
in the complex conjugate), where q¯p+1 = qp+1 − l and
q¯′q+1 = q
′
q+1 − l. From the momentum conservation at
each vertex, various momenta denoted in the picture have
the following relations:
qi+1 = q +Ki = q +
i∑
j=0
pj, ∀i ≤ p+ 1; q¯i+1 = q +Ki − l = q +
∑i
j=0 pj − l, ∀i ≥ p+ 1,
q′i+1 = q +K
′
i = q +
i∑
j=0
p′j , ∀i ≤ q + 1; q¯′i+1 = q +K ′i − l = q +
∑i
j=0 p
′
j − l, ∀i ≥ q + 1. (21)
For the sake of convenience, we have defined the new variables Ki =
∑i
j=0 pi and K
′
i =
∑i
j=0 p
′
i which represent the
total accumulated momentum exchanges between the hard parton and the nuclear medium. For such a diagram (Fig.
52), we may write down the hadronic tensor as,
WAµνnmpq =
∑
q
Q4qe
2gn+m
1
Nc
Tr


(
n∏
i=1
T ai
)
 1∏
j=m
T a
′
j



∫ d4l
(2π)4
(2π)δ(l2)
∫
d4lq
(2π)4
(2π)δ(l2q)
×
∫
d4y0e
iq·y0
(
n∏
i=1
∫
d4yi
)
 m∏
j=1
∫
d4y′j

∫ d4z ∫ d4z′
×
(
p∏
i=1
∫
d4qi
(2π)4
e−iqi·(yi−1−yi)
)(∫
d4qp+1
(2π)4
e−iqp+1·(yp−z)e−il·z
∫
d4q¯p+1
(2π)4
e−iq¯p+1·(z−yp+1)
)
×

 n∏
i=p+2
∫
d4q¯i
(2π)4
e−iq¯i·(yi−1−yi)

 e−ilq·(yn−y′m)

 m∏
j=q+2
∫
d4q¯′j
(2π)4
e−iq¯
′
j ·(y
′
j−y
′
j−1)


×
(∫
d4q¯′q+1
(2π)4
e−iq¯
′
q+1·(y
′
q+1−z
′)eil·z
′
∫
d4q′q+1
(2π)4
e−iq
′
q+1·(z
′−y′q)
)
 q∏
j=1
∫
d4q′j
(2π)4
e−iq
′
j ·(y
′
j−y
′
j−1)


× 〈A|ψ¯(y0)γµ
(
p∏
i=1
γ · qi
q2i − iǫ
γ ·Aai(yi)
)
γ · qp+1
q2p+1 − iǫ
γα

 n∏
i=p+1
γ · q¯i
q¯2i − iǫ
γ ·Aai(yi)

 γ · lq
×

 q+1∏
j=m
γ ·Aa′j (y′j)
γ · q¯′j
q¯′
2
j + iǫ

 γβ γ · q′q+1
q′2q+1 + iǫ

 1∏
j=q
γ · Aa′j (y′j)
γ · q′j
q′j
2 + iǫ

 γνψ(0)|A〉Gαβ(l). (22)
The phase factor associated with the photon insertion locations z and z′ may be isolated and it reads
e−i(q¯p+1+l−qp+1)·zei(q¯
′
p+1+l−q
′
p+1)·z
′
. One may carry out the integration over the locations z and z′, and obtain
two δ functions. These δ functions can be utilized to perform the integrations over the momenta q¯p+1 and q¯
′
q+1,
which give us q¯p+1 = qp+1 − l and q¯′q+1 = q′q+1 − l. The remainder of this phase factor can be expressed as:(∏n
i=1 e
−ipi·yi
) (∏m
j=1 e
ip′j ·y
′
j
)
.
AP AP
p′0
0 y
′
1
y′q+1 y′m yn yp+1 y1 y0
p0
q q
p′1 p
′
m pn p1
q1q¯nq
′
1 q¯
′
m lq
y′q yp
l
q′q+1 q¯
′
q+1 q¯p+1 qp+1
FIG. 2: An order of n+m contribution to hadronic tensor W µν with n gluon insertions in the complex conjugate and m gluon
insertions in the amplitude.
Similar to the previous section, we may factor out one-nucleon state from the nucleus state and ignore the (⊥)-
6component of the field operators,
〈A|ψ¯(y0)γµOˆγνψ(0)|A〉 = ACAp 〈p|ψ¯(y0)
γ+
2
ψ(0)|p〉Tr[γ
−
2
γµ
γ+
2
γν ]Tr[
γ−
2
〈A|Oˆ|A〉]. (23)
Now we change the integration variables qi+1 → pi and q¯′j+1 → p′j , and re-introduce the n-th momentum pn by
inserting the following momentum conservation identity,∫
d4pn
(2π)4
(2π)4δ4(l + lq −Kn − q) = 1. (24)
The m-th momentum p′m in the amplitude is determined by all other momenta as, p
′
m = Kn − K ′m−1. Since the
calculation will be carried out in the light-cone gauge (A− = 0) in the Breit frame at very high energy, the dominant
component of the vector potential is the forward (+)-component. In this effort, we approximate γ · A = γ−A+, and
neglect the contribution from A⊥ component. This is due to the fact that the non-zero contribution containing an
A⊥ term is of form (γ⊥ · pi⊥)(γ⊥ · A⊥), which is two orders smaller than the contribution containing A+ term. As a
result, the corresponding γ matrices have only (−)-component. With these setups, the hadronic tensor now reads,
WAµνnmpq =
∑
q
Q4qe
2gn+m
1
Nc
Tr

( n∏
i=1
T ai
) 1∏
j=m
T a
′
j



∫ d4l
(2π)4
(2π)δ(l2)
∫
d4lq
(2π)4
(2π)δ(l2q) (25)
×
∫
d4y0
(
n∏
i=1
∫
d4yi
) m∏
j=1
∫
d4y′j

(n−1∏
i=0
d4pi
(2π)4
)m−1∏
j=0
∫
d4p′j
(2π)4

∫ d4pn
(2π)4
(2π)4δ4(l + lq −Kn − q)
×
(
n∏
i=1
e−ipi·yi
)
 m∏
j=1
eip
′
j ·y
′
j


(
p+1∏
i=1
1
q2i − iǫ
)
 n∏
i=p+1
1
q¯2i − iǫ



q+1∏
j=1
1
q′2j + iǫ



 m∏
j=q+1
1
q¯′
2
j + iǫ


× (−gµν⊥ )ACAp 〈p|ψ¯(y0)
γ+
2
ψ(0)|p〉〈A|
(
n∏
i=1
A+ai(yi)
)
 1∏
j=m
A+a
′
j (y′j)

 |A〉Gαβ(l)
× Tr

γ−
2
(
p∏
i=1
γ · qiγ−
)
γ · qp+1γα

 n∏
i=p+1
γ · q¯iγ−

 γ · lq

 q+1∏
j=m
γ−γ · q¯′j

 γβγ · q′q+1

 1∏
j=q
γ−γ · q′j



 .
The largest length-enhanced contribution comes from the situation where the maximum number of quark lines are
close to on-shell. For the quark lines before the photon emission,
q2i+1 = (q +Ki)
2 = 2p+q−(1 +K−i /q
−)[−xB + x¯i − x¯Di], (26)
where we have defined the momentum factions,
x¯i =
i∑
j=0
xj =
i∑
j=0
p+j
p+
=
K+i
p+
; x¯Di =
i∑
j=0
xDj =
K2i⊥
2p+q−(1 +K−i /q
−)
. (27)
For the quark line after photon emission,
q¯2i+1 = (q +Ki − l)2 = 2p+q−(1 +K−i /q− − y)[−xB + x¯i − x¯Ci], (28)
where we have defined the momentum factions,
x¯Ci =
i∑
j=0
xCj = xL(1− y) + (Ki⊥ − l⊥)
2
2p+q−(1 +K−i /q
− − y) . (29)
Therefore the contribution from all the internal quark line denominators together with the on-shell delta function of
the final quark lq gives,
Dq =
Cq
(2p+q−)n+m+3
(
p∏
i=0
1
−xB + x¯i − x¯Di
)
n−1∏
i=p
1
−xB + x¯i − x¯Ci



 q∏
j=0
1
−xB + x¯′i − x¯′Di


×

m−1∏
j=q
1
−xB + x¯′i − x¯′Ci

 (2π)δ(−xB + x¯n − x¯Cn), (30)
7where the factor Cq stands for,
Cq =
(
p∏
i=0
1
1 +K−i /q
−
)
 n∏
i=p
1
1 +K−i /q
− − y



 q∏
j=0
1
1 +K ′j
−/q−



m−1∏
j=q
1
1 +K ′j
−/q− − y

 . (31)
The simplification of the numerators of the quark lines (the trace part) can be done by isolating the largest components
of the momentum that are related to various components of the photon polarization sum Gαβ(l). We can decompose
Gαβ into the following components,
G+− = G−+ = 0; G++ =
2l+
l−
; G⊥+ = G+⊥ =
l⊥
l−
; Gαβ⊥⊥ = −gαβ⊥ . (32)
The trace combined with the projection G⊥⊥ now reads,
N⊥⊥ = (−gαβ⊥ )Tr
[
γ−
2
(
p∏
i=1
γ+(q− +K−i−1)γ
−
){
γ+(q− +K−p ) + γ⊥ ·Kp⊥
}
× γα⊥
{
γ+(q− +K−p − l−) + γ⊥ · (Kp⊥ − l⊥)
}
γ−

 n∏
i=p+2
γ+(q− +K−i−1 − l−)γ−


× (γ+l−q )

 q+2∏
j=m
γ−γ+(q− +K ′
−
j−1 − l−)

 γ− {γ+(q− +K ′q− − l−) + γ⊥ · (K′q⊥ − l⊥)}
× γβ⊥
{
γ+(q− −K ′q−) + γ⊥ ·K′q⊥
} 1∏
j=q
γ−γ+(q− +K ′
−
j−1) )

 . (33)
Here the transverse components of the quark momentum in the numerators of the propagators are only retained for
those terms immediately before and after the photon insertion; these terms yield leading contributions. Using the
anti-commutation relations of the γ matrices, the above expression may be simplified as:
N⊥⊥ =
2(2q−)n+m+1
Cq
[
Kp⊥ ·K′q⊥
(1 +K−p /q−)(1 +K ′q
−/q−)
+
(Kp⊥ − l⊥) · (K′q⊥ − l⊥)
(1 +K−p /q− − y)(1 +K ′q−/q− − y)
]
. (34)
Using a similar procedure as above, the terms in the trace originating from the projection G++ gives,
N++ =
4(2q−)n+m+1
Cq
l2⊥
y2
. (35)
The contribution from the terms associated with the projections G⊥+ and G+⊥ reads,
N⊥+ +N+⊥ = −2(2q
−)n+m+1
Cq
1
y
[
Kp⊥ · l⊥
(1 +K−p /q−)
+
K′q⊥ · l⊥
(1 +K ′q
−/q−)
+
(Kp⊥ − l⊥) · l⊥
(1 +K−p /q− − y)
+
(K′q⊥ − l⊥) · l⊥
(1 +K ′q
−/q− − y)
]
.(36)
8Combining various parts with all of the above simplifications, the hadronic tensor now takes the following form,
WAµνnmpq =
∑
q
Q4qe
2gn+m
1
Nc
Tr


(
n∏
i=1
T ai
)
 1∏
j=m
T a
′
j



∫ d4l
(2π)4
(2π)δ(l2)
∫
d4lq
(2π)4
(2π)4δ4(l + lq −Kn − q)
×
∫
d4y0
(
n∏
i=1
∫
d4yi
) m∏
j=1
∫
d4y′j

(n−1∏
i=0
d3pidxi
(2π)4
)m−1∏
j=0
∫
d3p′jdx
′
j
(2π)4

(∫ d3pndxn
(2π)4
)
×
(
n∏
i=0
e−ipi·yie−ixip
+y−
i
) m∏
j=0
eip
′
j ·y
′
je
ix′
j
p+y′
i
−

( p∏
i=0
1
−xB + x¯i − x¯Di − iǫ
)n−1∏
i=p
1
−xB + x¯i − x¯Ci − iǫ


×

 q∏
j=0
1
−xB + x¯′i − x¯′Di + iǫ



m−1∏
j=q
1
−xB + x¯′i − x¯′Ci + iǫ

 (2π)δ(−xB + x¯n − x¯Cn)
× (−gµν⊥ )ACAp 〈p|ψ¯(y0)
γ+
2
ψ(0)|p〉〈A|
(
n∏
i=1
A+ai(yi)
) 1∏
j=m
A+a
′
j (y′j)

 |A〉
× 2
(2p+q−)2
1 +
(
1− y
1+K−p /q−
)(
1− y
1+K′q
−/q−
)
y2
(
1− y
1+K−p /q−
)(
1− y
1+K′q
−/q−
)

l⊥ − y
1 +
K−p
q−
Kp⊥

 ·

l⊥ − y
1 +
K′q
−
q−
K′q⊥

 . (37)
Here we have changed the integration variables p+i → xi = p+i /p+ and p′j+ → x′j = p′j+/p+. This renders a factor of
(p+)n+m+1 to cancel that in the expression of Dq. Also for convenience, we have used the three-vector notations for
momentum and space variables: p = (p−,p⊥) and y = (y
+,y⊥), and their dot product p · y = p−y+ − p⊥ · y⊥.
Now we do the integrations over the momentum fractions xi and x
′
j . The phase factors related to them read as,
Γ+ =
n∏
i=0
e−ixip
+(y−
i
−y′m
−)
m−1∏
j=0
eix
′
jp
+(y′j
−
−y′m
−), (38)
where we have used the overall momentum conservation pm =
∑n
i=0 pi −
∑m−1
j=0 p
′
j . Further using the on-shell delta
function for the last quark line (2π)δ(−xB + x¯n − x¯Cn), we can perform the integration over the last momentum
fraction xn. Then the phase factor can be rearranged as
Γ+ = e−i(xB+x¯Cn)p
+y−n
n−1∏
i=0
e−ixip
+(y−
i
−y−n )ei(xB+x¯
′
Cm)p
+y′m
−
m−1∏
j=0
eix
′
jp
+(y′j
−
−y′m
−) = Γ+nΓ
+
m. (39)
Here we use Γ+n and Γ
+
m to denote the factors associated with xi (1 ≤ i ≤ n) and x′j (1 ≤ j ≤ m) integrals, respectively.
The remaining integration over xi and x
′
j may be performed using the technique of contour integration.
We start from the propagators adjacent to the cut and proceed to the propagators adjacent to the photon vertices.
In the following, we write down the details for the xi integration; the x
′
j integration is completely analogous. The
first integration is over the momentum fraction xn−1. Isolating the piece related to xn−1 integral, we can perform the
integral by closing the contour of xn−1 with a counter-clockwise semi-circle in the upper half of the complex plane,∫
dxn−1
2π
e−ixn−1p
+(y−
n−1
−y−n )
−xB + x¯n−1 − x¯Cn−1 − iǫ = iθ(y
−
n − y−n−1)e−i(xB+x¯Cn−1−x¯n−2)p
+(y−
n−1
−y−n ). (40)
Here the θ-function represents the physical effect that the quark line is propagating from y−n−1 to y
−
n . Correspondingly,
the phase factor combined with these from the contour integration becomes,
Γ+n → iθ(y−n − y−n−1)e−ixCnp
+y−n e−i(xB+x¯Cn−1)p
+y−
n−1
(
n−2∏
i=0
e−ixip
+(y−
i
−y−n )
)
. (41)
The remaining longitudinal momentum fraction xi integrals can be done in a similar way until we reach the integration
involving xp+1. The phase factor up to this step reads,
Γ+n →

 n∏
i=p+2
iθ(y−i − y−i−1)e−ixCip
+y−
i

 e−i(xB+x¯Cp+1)p+y−p+1
(
p∏
i=0
e−ixip
+(y−
i
−y−
p+1
)
)
. (42)
9Now we perform the integration on xp. Note that around the photon insertion, there are two propagators, either of
which can be evaluated to obtain the on-shell conditions for xp. Performing the contour integration for xp, we obtain∫
dx+p
2π
e−ixpp
+(y−p −y
−
p+1
)
(−xB + x¯p − x¯Cp − iǫ)(−xB + x¯p − x¯Dp − iǫ)
= iθ(y−p+1 − y−p )e−ixBp
+(y−p −y
−
p+1
) e
−ix¯Cp(y
−
p −y
−
p+1
) − e−ix¯Dp(y−p −y−p+1)
x¯Cp − x¯Dp e
ix¯+
p−1
p+(y−p −y
−
p+1
). (43)
The above two contributions represent the fact that the leading length enhancement arises when at least one of the
propagators is close to on-shell. The phase factor up to this step becomes,
Γ+n →

 n∏
i=p+1
iθ(y−i − y−i−1)e−ixCip
+y−
i

 e−i(xB+x¯Dp)p+y−p
(
p−1∏
i=0
e−ixip
+(y−
i
−y−p )
)
e−iδx¯Dpp
+y−p − e−iδx¯Dpp+y−p+1
δx¯Dp
,(44)
where we have defined the variables δx¯Di = x¯Ci− x¯Di for convenience (the definition of x¯Di is extended to the regime
i > p+ 1). The remaining integrations over the propagators after the photon insertion are similar. After performing
the integration over all momentum fractions xi in the complex conjugate, the phase factor becomes
Γ+n →

 n∏
i=p+1
iθ(y−i − y−i−1)e−ixCip
+y−i

( p∏
i=1
iθ(y−i − y−i−1)e−ixDip
+y−i
)
e−ixBp
+y−
0
e−iδx¯Dpp
+y−p − e−iδx¯Dpp+y−p+1
δx¯Dp
.(45)
The integration over the momentum faction x′j in the amplitude (to get Γ
+
m) is completely analogous, except an
factor of (−i) instead of i associated with the θ function, which originates from the contour integral which we perform
by closing the contour of xn−1 with a clockwise semi-circle in the upper half of the complex plane. After carrying out
the integration over the quark lines, we obtain the hadronic tensor as,
WAµνnmpq =
∑
q
Q4qe
2gn+m
1
Nc
Tr

( n∏
i=1
T ai
) 1∏
j=m
T a
′
j



∫ d4l
(2π)4
(2π)δ(l2)
∫
d4lq
(2π)4
(2π)4δ4(l + lq −Kn − q) (46)
×
∫
d4y0
(
n∏
i=1
∫
d4yi
) m∏
j=1
∫
d4y′j

(n−1∏
i=0
d3pi
(2π)3
)m−1∏
j=0
∫
d3p′j
(2π)3

∫ d3pn
(2π)3
(
n∏
i=0
e−ipi·yi
) m∏
j=0
eip
′
j ·y
′
j


× e−ixBp+y−0
(
n∏
i=1
iθ(y−i − y−i−1)e−ixDip
+y−
i
) m∏
j=1
(−i)θ(y′j− − y′−j−1)eixD
′
jp
+y′−j


× (−gµν⊥ )ACAp 〈p|ψ¯(y0)
γ+
2
ψ(0)|p〉〈A|
(
n∏
i=1
A+ai(yi)
)
 1∏
j=m
A+a
′
j (y′j)

 |A〉
×

 n∏
i=p+1
e−iδxDip
+y−
i



 n∏
j=q+1
eiδxD
′
jp
+y′j
−

(e−iδx¯Dpp+y−p − e−iδx¯Dpp+y−p+1)(eiδx¯′Dqp+y′p− − eiδx¯′Dqp+y′−q+1)
× 1
δx¯Dpδx¯′Dq
2
(2p+q−)2
1 +
(
1− y
1+K−p /q−
)(
1− y
1+K′q
−/q−
)
y2
(
1− y
1+K−p /q−
)(
1− y
1+K′q
−/q−
)

l⊥ − y
1 +
K−p
q−
Kp⊥

 ·

l⊥ − y
1 +
K′q
−
q−
K′q⊥

 ,
where we have defined the variable δxDi = xCi − xDi for convenience (the definition of xDi is extended to the regime
i > p+ 1).
IV. SUM OVER PHOTON PRODUCTION
POINTS
In the previous section, we have derived the single pho-
ton radiation spectrum from a hard quark jet which expe-
riences multiple scattering off the gluon field within the
nucleus. The expression is quite general in that we have
not made any assumption regarding the nature of the nu-
clear states. In this section, we will carry out the resum-
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mation over different photon insertion locations. Here
we only consider the case with n = m, i.e.,the number
of scatterings in both the amplitude and the complex
conjugate are the same. The case with n 6= m either
constitutes higher twist nucleon matrix elements or rep-
resents the unitarity corrections to the terms where the
quark experiences scatterings min(n,m) times [48, 49].
The case with p = q represents the squares of the am-
plitude, and the case with p 6= q represents the LPM
interference terms.
For 2n (n = m) gluon insertions, we first simplify the
matrix elements of the gluon vector potentials in the nu-
clear state. In this work, we assume that the nucleus
may be approximated by a weakly interacting homoge-
nous gas of nucleons. Such approximation is reasonable
in very high energy limit, since nucleons are traveling in
straight lines and are almost independent of each other
over the time interval of the interaction of the hard probe
with the medium due to time dilation. As a consequence,
the expectation of field operators in the nucleus states
may be decomposed into a product of the expectations
in the nucleon states. Due to the fact that a nucleon is
a color singlet, any combination of quark or gluon field
insertions should be restricted to a color singlet. There-
fore, the first non-zero and the largest contribution comes
from the terms where 2n gluons are divided into singlet
pairs in separate nucleon states.
With the help of the time-ordered products of θ func-
tions, the expectation of the 2n gluon operators in the
nucleus state may be decomposed as,
〈A|
(
n∏
i=1
A+ai(yi)
)
 1∏
j=n
A+a
′
j (y′j)

 |A〉 = ( ρ
2p+
)n( n∏
i=1
δaia′i
N2c − 1
〈p|A+(yi)A+(y′i)|p〉
)
, (47)
where we have averaged over the colors of gluon field operators. Note that the quark operators has been factorized
out in the previous section. With such decomposition, we can easily evaluate the trace for the color matrices,
1
Nc(N2c − 1)n
Tr
[(
n∏
i=1
T ai
)(
1∏
i=n
T a
′
i
)]
=
(
CF
N2c − 1
)n
. (48)
We may further change the integral variables y and y′,
Yi = (yi + y
′
i)/2; δyi = yi − y′i. (49)
Using the translational invariance of the correlation functions,
〈A(y−i ,yi)A(y′i−,y′i)〉 = 〈A(y−i , δyi)A(y′i−,0)〉, (50)
we may carry out the integration for the phase factor,∫
d3yi
∫
d3y′ie
−ipi·yieip
′
i·y
′
i = (2π)3δ3(pi − p′i)
∫
d3δyie
−ipi·δyi . (51)
The δ function means that each pair of gluon field insertions in each nucleon states carry the same momentum, so
we may use the δ function to carry out the integration over the momentum p′i. Putting various parts together, the
hadronic tensor now reads,
WAµνnnpq = (−gµν⊥ )ACAp
∑
q
Q4qe
2g2n
(
CF
N2c − 1
)n(
ρ
2p+
)n ∫
d4l
(2π)4
(2π)δ(l2)
∫
d4lq
(2π)4
(2π)4δ4(l + lq −Kn − q) (52)
×
∫
dy−0 d
3y0
∫
d3p0
(2π)3
e−ip0·y0e−ixBp
+y−
0 〈p|ψ¯(y0)γ
+
2
ψ(0)|p〉
(
n∏
i=1
∫
dy−i dy
′
i
−
θ(y−i − y−i−1)θ(y′i− − y′−i−1)
)
×
(
n∏
i=1
e−ixDip
+y−
i eix
′
Dip
+y′−i
)(
n∏
i=1
∫
d3δyi
d3pi
(2π)3
e−ipi·δyi
)(
n∏
i=1
〈p|A+(y−i , δyi)A+(y′i−,0)|p〉
)
×

 n∏
i=p+1
e−iδxDip
+y−
i



 n∏
i=q+1
eiδx
′
Dip
+y′i
−

(e−iδx¯Dpp+y−p − e−iδx¯Dpp+y−p+1)(eiδx¯′Dqp+y′p− − eiδx¯′Dqp+y′−q+1)
× 1
δx¯Dpδx¯′Dq
2
(2p+q−)2
1 +
(
1− y
1+K−p /q−
)(
1− y
1+K′q
−/q−
)
y2
(
1− y
1+K−p /q−
)(
1− y
1+K′q
−/q−
)

l⊥ − y
1 +
K−p
q−
Kp⊥

 ·

l⊥ − y
1 +
K′q
−
q−
K′q⊥

 .
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Up to this point, we have retained all orders in terms of the form K⊥/l⊥, i.e., there can be any relation between
the accumulated transverse momentum of the hard quark and that of the radiated photon. In the remainder of this
paper, we will consider the case of hard photon radiation where p⊥/l⊥ ∼ λ ≪ 1. As we will demonstrate below,
in this limit, it will become possible to derive closed form expressions for the sum over photon emission points. To
perform the summation of photon insertion points p and q, we recall the expression of x¯Dp and x¯Cp which appear in
both the phases and matrix elements,
x¯Dp =
K2p⊥
2p+q−(1 +K−p /q−)
; x¯Cp =
l2⊥
2p+q−y
+
(Kp⊥ − l⊥)2
2p+q−(1 +K−p /q− − y)
. (53)
The expressions for x¯D
′
q and x¯C
′
q are completely analogous. The difference between these two variables gives,
δx¯Dp = x¯Cp − x¯Dp =
(
l⊥ − y1+K−p /q−Kp⊥
)2
2p+q−y
(
1− y
1+K−p /q−
) ≈ xL
(
1− y
1− y
K−p
q−
− 2y l⊥ ·Kp⊥
l2⊥
)
. (54)
Here we only keep terms up to linear in K−p /q
− and Kp⊥/l⊥. Using the same procedure, the last line of the hadronic
tensor (which we denote as δTpq) may be simplified as,
δTpq =
2yP (y)
l2⊥
[
1 +
y(1− y)
1 + (1− y)2
K−p +K
′
q
−
q−
+ y
l⊥ · (Kp⊥ +K′q⊥)
l2⊥
]
. (55)
To simplify the phase factor, we note that
xDi = x¯Di − x¯Di−1 ≈ 0; xCi = x¯Ci − x¯Ci−1 ≈ xL
(
−yK
−
p
q− − 2y
l⊥·Kp⊥
l2
⊥
)
; δxDi = xCi − xDi ≈ xCi. (56)
One may see that δxDi ≪ δx¯Di. If we only keep the leading term and ignore the terms in higher order K−p /q−,
K ′q
−
/q− and Kp⊥/l⊥, K
′
q⊥/l⊥, the phase factor can be simplified as(
e−ixLp
+y−p − e−ixLp+y−p+1
)(
eixLp
+y′q
− − eixLp+y′−q+1
)
= gpgq. (57)
Here we use gp and gq to represent the phase factors associated with the complex conjugate and the amplitude,
respectively. With these simplifications, we may perform the sum over the photon insertion locations p and q,
n∑
p=0
n∑
q=0
gpgqδTpq =
2yP (y)
l2⊥
e−ixLp
+y−
0
[
1 +
y(1− y)
1 + (1− y)2
n∑
k=1
p−k
q−
Fk + y
n∑
k=1
l⊥ · pk⊥
l2⊥
Fk
]
, (58)
where Fk stands for
Fk = e
−ixLp
+(y−
k
−y−
0
) + eixLk
+y′p
−
= e−ixLp
+(Y −
k
+δy−
k
/2+y−
0
) + eixLp
+(Y −
k
−δy−
k
/2). (59)
In the last expression, we have made the variable change from yi and y
′
i to Y
−
i and δy
−
i ,
Y −i = (y
−
i + y
′
i
−
)/2, δy−i = y
−
i − y′i−. (60)
Using the the fact that Y −k is the location of the photon insertion points which can span over the nucleus size, while
y−0 and δy
−
k are confined within the nucleon size, we may drop y
−
0 and δy
−
k as compared to Y
−
k in the expression of
Fk and obtain the following:
Fk ≈ 2 cos(xLp+Y −k ). (61)
The hadronic tensor now reads,
WAµνnn = (−gµν⊥ )ACAp
∑
q
Q4q
αe
2π
∫
dyP (y)
∫
d2l⊥
πl2⊥
∫
d3lq
∫
dy−0 e
−i(xB+xL)p
+y−
0 〈p|ψ¯(y−0 )
γ+
2
ψ(0)|p〉
× 1
n!
(
n∏
i=1
∫
dY −i
∫
dδy−i
(
g2
CF
N2c − 1
ρ
2p+
)∫
d3δyi
d3pi
(2π)3
e−ipi·δyi〈p|A+(δy−i , δyi)A+(0)|p〉
)
×
[
1 +
y(1− y)
1 + (1 − y)2
n∑
p=1
p−p
q−
Fk + y
n∑
p=1
l⊥ · pp⊥
l2⊥
Fk
]
δ3(l + lq −Kn − q). (62)
V. RESUMMATION OF MULTIPLE
SCATTERINGS
In the previous section, we have performed the re-
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summation over different photon production points for
a given number of scatterings experienced by the hard
parton. In this section, we will perform the resumma-
tion over the number of multiple scatterings. With the
assumption of small momentum exchange in each of the
multiple scatterings, we may expand the hard partH(pi)
of the matrix elements, the last line in the hadronic ten-
sor, as a series of the Taylor expansion in the three-
dimensional momenta pi = (p
−
i ,pi⊥) around pi → 0.
Keeping the expansion up to the second order derivative
in both longitudinal and transverse momenta, we obtain:
H =
(
n∏
i=1
[
1 + pαi
∂
∂pαi
+
1
2
pαi p
β
i
∂
∂pαi
∂
∂pβi
+ · · ·
])
H |p1···pn=0. (63)
Here the values of α and β take “−” or “⊥”. In the above expansion, the zeroth order terms (with no momentum
derivative) represent the case where the exchanged gluons carry zero momenta. These terms correspond to the gauge
corrections to the diagrams with lower number of scatterings which carry nonzero momenta. They should be included
in the gauge invariant definition of the jet transport coefficients and will not be considered further. Terms with
momentum gradients higher than the second order are neglected in the above equation and should be straightforward
to include. They correspond to higher moments of the momentum distribution of the exchanged gluons.
Performing the integration by parts over pi, we may use the following substitutions,
〈p|A+(δyi)A+(0)|p〉e−pi·δyipαi
∂
∂pαi
= e−pi·δyi(−i)〈p|∂αA+(δyi)A+(0)|p〉 ∂
∂pαi
, (64)
〈p|A+(δyi)A+(0)|p〉e−pi·δyipαi pβi
∂
∂pαi
∂
∂pβi
= e−pi·δyi〈p|∂αA+(δyi)∂βA+(0)|p〉 ∂
∂pαi
∂
∂pβi
. (65)
Now since the Taylor expansion imposes the condition pi → 0 on the hard part H , it no longer has functional
dependence on pi. Therefore, we may perform the integrations for pi and δyi. With the above steps, the hadronic
tensor reads,
WAµνnn = (−gµν⊥ )ACAp
∑
q
Q4q
αe
2π
∫
dyP (y)
∫
d2l⊥
πl2⊥
∫
d3lq
∫
dy−0 e
−i(xB+xL)p
+y−
0 〈p|ψ¯(y−0 )
γ+
2
ψ(0)|p〉
× 1
n!
(
n∏
i=1
∫
dY −i
[
−DL1 ∂
∂p−i
+
1
2
DL2
∂2
∂2p−i
+
1
2
DT2∇p2i⊥
])
H |p1···pn=0. (66)
In writing the above expression, we have considered the symmetry of the system and only kept these terms with
non-vanishing coefficients. The transport coefficients in the above equation are defined as,
DL1 = g
2 CF
N2c − 1
∫
dy−
ρ
2p+
〈p|i∂−A+(y−)A+(0)|p〉, (67)
DL2 = g
2 CF
N2c − 1
∫
dy−
ρ
2p+
〈p|∂−A+(y−)∂−A+(0)|p〉, (68)
DT2 = g
2 CF
N2c − 1
∫
dy−
ρ
2p+
〈p|∂⊥A+(y−)∂⊥A+(0)|p〉. (69)
These coefficientsDL1,DL2 andDT2 are (up to an overall factor) elastic energy loss rate eˆ, the diffusions of longitudinal
and transverse momenta eˆ2 and qˆ [37]. It should be noted that in the above definitions of jet transport coefficients
are not gauge-invariant. The gauge invariant definitions of these coefficients may be obtained by resumming over
an arbitrary number of soft gluon insertions. This will give the Wilson lines between the the gluon field strength
operators, which renders the operator product gauge invariant. More discussion about gauge-invariant definition of
jet broadening coefficient qˆ can be found in Ref. [50, 51]. We note that the first calculation of the jet transport
coefficient qˆ within the framework of finite temperature lattice gauge theory was carried out in Ref. [52], whose result
is consistent with the values obtained from phenomenological studies of jet quenching at RHIC and the LHC [53].
With above expansion, we may now perform the resummation of the number of multiple scatterings,
WAµν = (−gµν⊥ )ACAp
∑
q
Q4q
αe
2π
∫
dyP (y)
∫
d2l⊥
πl2⊥
∫
d3lq
∫
dy−0 e
−i(xB+xL)p
+y−
0 〈p|ψ¯(y−0 )
γ+
2
ψ(0)|p〉φ(L−, l−q , lq⊥),(70)
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where we have defined the distribution function φ(L−, l−q , lq⊥),
φ =
∞∑
n=0
1
n!
(
n∏
i=1
∫
dY −i
[
−DL1 ∂
∂p−i
+
1
2
DL2
∂2
∂2p−i
+
1
2
DT2∇p2i⊥
])
H |p1···pn=0. (71)
We may write down the double differential hadronic tensor as:
dWAµν
dyd2l⊥dl
−
q d2lq⊥
= (−gµν⊥ )ACAp
∑
q
Q4q
αe
2π
P (y)
πl2⊥
fq(xB + xL)φ(L
−, l−q , lq⊥). (72)
Note that we may split the hard part into three parts, H = H0 + H− + H⊥, representing the three terms in H .
Accordingly, we may split the above distribution function φ into three parts, φ = φ0 + φ− + φ⊥. The contribution
from the term H0, after resumming the number of multiple scatterings, reads,
φ0 = exp
(
L−
[
DL1
∂
∂l−q
+
1
2
DL2
∂2
∂2l−q
+
1
2
DT2∇2lq⊥
])
δ(l−q − q−(1− y))δ2(lq⊥ + l⊥), (73)
where we have converted the derivatives over pi to the derivatives over lq. The above distribution function obviously
satisfies the following evolution equation,
∂φ0
∂L−
=
[
DL1
∂
∂l−q
+
1
2
DL2
∂2
∂2l−q
+
1
2
DT2∇2lq⊥
]
φ0(L
−, l−q , lq⊥). (74)
In fact, such evolution equation describes the three-dimensional evolution of the momentum distribution of a prop-
agating parton which only experiences multiple scattering without any radiation. The three terms in the evolution
equation represent the contributions from longitudinal momentum loss and diffusion, and the diffusion of transverse
momentum. For the case of no radiation, the initial condition is φ0(L
− = 0, l−q , lq⊥) = δ(l
−
q − q−)δ2(lq⊥ + l⊥), we
will return to the result found in Ref. [37]. For the case of photon bremsstrahlung, the initial condition changes to
φ0(L
− = 0, l−q , lq⊥) = δ(l
−
q − q−(1− y))δ2(lq⊥+ l⊥). This represents the case that the photon is immediately radiated
after the initial hard collisions. For such initial condition, the distribution φ0 has the following solution,
φ0 =
e−(l
−
q −q
−(1−y)+DL1L
−)2/(2DL2L
−)
√
2πDL2L−
e−(lq⊥+l⊥)
2/(2DT2L
−)
2πDT2L−
. (75)
The above solution represents the case that the photon is radiated immediately after the hard collisions, and after
that the propagating parton experiences multiple scatterings in the medium.
Now we look at the (−)-part of the distribution function φ−(L−, l−q , lq⊥) which reads,
φ− =
y(1− y)
1 + (1− y)2
∞∑
n=1
1
n!
n∑
k=1
∫
dY −k Fk
1
q−
(
−DL1 −DL2 ∂
∂l−q
)
×

 n∏
i=1,i6=k
∫
dY −i
(
DL1
∂
∂l−q
+
1
2
DL2
∂2
∂2l−q
+
1
2
DT2∇2lq⊥
) δ(l−q − q−(1− y))δ2(lq⊥ + l⊥). (76)
Assuming the transport coefficients DL1, DL2 and DT2 are position independent, we may perform the Y
−
k integral
for the function Fk,∫ L−
0
dY −k Fk ≈
∫ L
0
dY −k 2 cos(xLp
+Y −k ) =
2 sin(xLp
+L−)
xLp+
. (77)
The sum over k just give a factor of n, which can be used to shift the sum over n from 0. Thus, the distribution
function φ−(L
−, l−q , lq⊥) is directly related to φ0 as,
φ− =
y(1− y)
1 + (1− y)2
2 sin(xLp
+L−)
xLp+q−
(
−DL1 −DL2 ∂
∂l−q
)
φ0. (78)
The analysis of φ⊥(L
−, l−q , lq⊥) is completely analogous, and we obtain
φ⊥ = y
2 sin(xLp
+L−)
xLp+
(
−DT2
l⊥ · ∇lq⊥
l2⊥
)
φ0. (79)
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Putting three contributions together, φ = φ0 + φ− + φ⊥, we obtain
φ =
{
1 +
2 sin(xLp
+L−)
xLp+
[
y(1− y)
1 + (1− y)2
(
−DL1
q−
− DL2
q−
∂
∂l−q
)
+ y
(
−DT2l⊥ · ∇lq⊥
l2⊥
)]}
φ0(L
−, l−q , lq⊥) (80)
The double differential hadronic tensor now reads:
dWAµν
dyd2l⊥dl
−
q d2lq⊥
= (−gµν⊥ )ACAp
∑
q
Q4q
αe
2π
P (y)
πl2⊥
fq(xB + xL) (81)
×
{
1 +
2 sin(xLp
+L−)
xLp+
[
y(1− y)
1 + (1− y)2
(
−DL1
q−
− DL2
q−
∂
∂l−q
)
+ y
(
−DT2l⊥ · ∇lq⊥
l2⊥
)]}
φ0(L
−, l−q , lq⊥).
The above equation represents the main result of this
work. The differential spectrum of photons radiated from
a hard parton which experiences multiple scatterings in
the medium has been expressed as factorized product of
the photon splitting function, the three-dimensional dis-
tribution of the propagating parton, and a multiplicative
factor (in the curly bracket). The first constant term rep-
resents the case that the incoming parton is virtual and
radiates photon immediately, and the subsequent mul-
tiple scattering experienced by the hard partons is de-
scribed by φ0. The other terms represent the additional
contribution in which the propagating parton experiences
multiple scatterings and exchanges longitudinal momen-
tum and/or transverse momentum with the medium, and
radiates a photon. Such contribution has been written as
the sum of three pieces, corresponding to the contribu-
tions from the longitudinal momentum drag, the diffusion
of longitudinal momentum and the diffusion of transverse
momentum.
One can see that the longitudinal momentum loss (the
drag) produces a negative contribution, meaning that the
drag tends to suppress the medium-induced photon ra-
diation. The diffusions of longitudinal and transverse
momenta also contribute to the double differential spec-
trum of the propagating hard quark and the radiated
photon. But we note that in the extremely high energy
and collinear limits where the exchanged momentum be-
tween the hard parton and medium is small, the integra-
tion over dl−q from the longitudinal diffusion term and the
integration over d2lq⊥ renders zero in the above equation.
This is due to the fact that we have only kept terms up
to linear in K−p /q
− and Kp⊥/l⊥ in Eq. (55). Therefore
at this linear order, the longitudinal and transverse dif-
fusion do not contribute to single photon emission spec-
trum. However, for the three-dimensional propagation
of the hard jet in the dense medium experiencing mul-
tiple scatterings and photon bremsstrahlung, Eq. (81)
represents the leading contribution.
VI. CONCLUSIONS AND DISCUSSIONS
We have studied the photon bremsstrahlung from a
hard parton undergoing multiple scatterings when prop-
agating through an extended dense nuclear medium. In
particular, we have included the effect of longitudinal
momentum exchange from multiple scatterings for the
calculation of medium-induced photon emission. We in-
vestigated the problem in the framework of deep-inelastic
scattering where a virtual photon strikes a hard par-
ton in a nucleon. The struck parton then propagates
through the nucleus, scatters with medium constituents
multiple times and radiates a real photon. The gluon
emission from the hard parton is neglected in the cur-
rent calculation. In the interest of studying closed form
expressions, we have approximated to the case of a vir-
tual quark, with radiated photon transverse momentum
l⊥ ≫ p⊥, the mean momentum exchanged between the
quark and the medium per scattering. Our result has
been factorized into the product of the photon splitting
function, the three-dimensional momentum distribution
of the hard parton, and a multiplicative factor which en-
codes the interference effects encountered by the propa-
gating parton through the dense nuclear medium. This
three-dimensional momentum distribution encodes the
effect of the longitudinal momentum drag and diffusion,
and the transverse momentum diffusion experienced by
the propagating hard parton which experiences multiple
scatterings with the medium constituents without any
radiation.
The present work is the first effort to incorporate the
longitudinal momentum exchanges, besides the trans-
verse momentum exchange, in the calculation of medium-
induced radiation. The study of photon emission in this
work serves as an intermediate step for the investigation
of the same process with medium-induced gluon emis-
sion. While photon does not interact with the medium,
its formation incorporates many interesting physics is-
sues such as the LPM interference effect, which will ap-
pear in the future calculation of medium-induced gluon
radiation from a hard parton in the dense medium. The
medium-induced photon radiation process explored here
is also relevant to the study of the photon production and
photon-hadron correlations in heavy-ion collisions. Such
phenomenological application is left for future effort.
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